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Chapter 1

| ntroduction

Thisis Part 1 of a series of texts covering the treatment of spatial information and
spatial information systems, i.e., maps, land information systems, and geographic
information systems. Part 1 concentrates on formal languages and formal systems.
This part provides a quite generic treatment, suitable for the discussion of any com-
plex information system that deal swith asignificant part of reality. Subsequent parts
will be concerned with datamodeling and knowledge representation for spatial data;
various aspects of building software systemsfor spatial information systems; and a
discussion of the architectural principles of designing spatial information systems.

Often enough aspatial information system is discussed asif it were only acom-
puterized mapping system. The view taken here is considerably different and at-
tempts to include a broader range of topics. It is based on a more comprehensive
vision of how a spatial information system should perform.

Computer cartography is the subject of a number of courses and a few books
have recently appeared on the topic. They discuss how maps can be drawn using a
computer and show resultsthat are achieved using typical software packages. Their
focus is on the graphical process of map creation and to a lesser degree on map
design; very little is said about the source and organization of knowledge about
the world which is necessary to draw the map. Moreover, there is little apparent
concern with the user’s understanding of the map.

This series of texts on spatial information systems takes a radically different
approach, trying to encompass the problem of constructing systemsthat will collect,
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2 CHAPTER 1. INTRODUCTION

maintain, and disseminate spatial information. It will be shown that it is clearly
beneficial to discuss these problems in context and to understand the interaction
among their different components. Using this view, amap is a spatial information
system and can be analyzed in these terms, from data collection to map usage.

This treatment strives for theoretical correctness and for the formal analysis
and specification of aspatial information system. It is based on the observation that
many of the problems with present day systems start with shortcuts and seemingly
reasonabl e abbreviations, which later turn out not to be correct and which demand
extensive remedial countermeasures. We start with the assumption that “a good
theory isthe most practical tool” and try to find the principles human cartographers
intuitively apply. Wetry to cast them into aformal language which we can then use
to program computerized information systems.

We will not discuss automatic cartography, but only computer assisted solu-
tions; the cartographic process is not yet understood well enough to envisage a
completely automatic solution. We have to be content with the assistance that spe-
cialists can receive from computer systemsto increase their productivity or with the
support from the computer system which lets them do things they could otherwise
not do. The computer isatool for the use of the spatial information specialist, not
for his or her replacement.

Thediscussion about the design and organization of spatial information systems
will start with what we understand by information systems. We will then exten-
sively discuss how an information system models reality and how we can formally
understand concepts like consistency and how to assess data quality. This should
help us in understanding the interaction of the spatial information system with its
environment, its users, and their requirements. A number of basic philosophical
guestions will emerge, i.e., the concept of objective information. We will not at-
tempt new solutions to these problems, but having an awareness of them can help
us avoid their most damaging consequences during the implementation of specific
systems and keep us from trying the impossible.



Chapter 2

| nfor mation Systems

This chapter introduces the basic concept of an information system and as such it
is a prerequisite for most subsequent discussions. It includes some philosophical
guestions regarding the assumption of the existence of an exterior reality. It then
discusses humans' perception of reality which leadsto mental models. Natural lan-
guage is the means humans use to communicate their mental models and relies on
the significance of signswhich not only have their own physical existence, but stand
for something else as well. Finally, we briefly discuss devices that can facilitate
the communi cation process among humans and extend the reach beyond the direct,
face-to-face communication.

2.1 Reality

We assume that reality exists outside of our brains and that we can observeit. This
is a position that cannot be proven and not all philosophers agree with it, but it
does not make sense for us to discuss an information system without assuming an
exterior reality independent of the observer.
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4 CHAPTER 2. INFORMATION SYSTEMS

2.2 Systems

General systems theory considers a system as a delimited collection of interacting
parts. The system has an outer limit and exchanges inputs and outputs with its
environment. Within such a system parts interact among themselves, but also with
the environment across the system’s boundaries.

A system is comprised of interacting components differentiated from
their environment (Figure 2.1).

Environment

System

Figure 2.1: The schematic of a system.

A modeled system isa vehicle for concentrating the attention on certain, some-
how related, aspects of reality and on abstractionsof many other interactionsaswell.
These systems are not part of that reality, but the result of human perception and
assessment of it for specific purposes. The part of reality included in a system—the
parts of interest—is often called a mini-world. This notion indicates that a system
models some part of aworld, i.e., it isin some sense complete and self-contained
and considered without regards to other parts of reality, but also pointing to the fact
that it is only a small, restricted part to which we draw our attention. Reality isfar
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too complex for comprehension and it is necessary to restrict one’s attention to a
few aspectsin order not to be overwhelmed.

Selecting what isto be included in a system depends on the task. Generally, we
want to include just enough elements and interactions to account for the effects of
interest. Includingtoo few elementsmakes appropriate use of themode impossible,
while including too many results in an unnecessarily difficult job. An important
aspect of professional educationis learning what aspects are important so that they
are included, and which are not. Again, this depends on the task; the significance
of the color of your grandmother’s hair may not be important for adiscussion of a
real estate deed, but may be for ainvestigation of descendance.

A system may exchange with itsenvironment energy, material, information, etc.
Central tothe systems concept istheideaof feedback loops. the systemisinfluenced
by its environment which resultsin a system output that changes that environment.
The system senses the new environment through its inputs and effects some further
changes in system behavior.

A simple example of such a system is the heating system in a house with a
furnace which heats the house and a thermostat which senses the temperature in the
house and switches the furnace on or off (Figure 2.2). In this example information
flows between thermostat and furnace, and energy flows between furnace and house
(and also to a lesser degree to the thermostat).

| Thermostat

Direct \.\ § \ Feedback § X
Control 3 ——————j—————— i.____

! |

/j/ 1 [ |

T ”

—— Furnace
L i /y

Figure 2.2: A house heating system.
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Systems with feedback loops may be designed to be self-stabilizing, i.e., the
heating system is designed to keep the house at a more or less constant, predeter-
mined temperature. This can be achieved by aflow of information to cause correc-
tive action if the room temperatureistoo low—" Switch furnace on”—or too high—
“Switch furnace off and wait for natural heat |oss through the system’s boundary.”
Feedback can be destabilizing, however. Such asituation isoften found in political,
social or biologica systems, e.g., Parkinson's disease, but israrely engineered.

To consider something a system, it is necessary to describe its boundary and its
interaction with the environment. Inamore detailed look its parts are identified and
and their interactions described. The interactions can be material or informational.
The primary focus of this book is the latter. Systems are often analyzed in a hier-
archical fashion. Starting with a coarse decomposition, as in the example above, it
is possibleto further decompose and study each part, e.g., thethermostat itself may
be considered another system with interacting parts.

2.3 Perception and Mental Models

Humans may perceive rea objects using their sensors—primarily eyes and ears.
From these perceptions humans form mental models, cognitive structures, which
represent in their brains their appreciation of the outside world. Certainly, not ev-
eryone arrives at the same model of a given reality; such a process is highly sub-
jective and influenced by the observer’s expectations, needs, past experience, the
task at hand, etc. The building of the mental model is governed by the observer’s
rules of modelization and it is an important task during education—including pro-
fessional education—to acquiretypical and standardized sets of modelization rules.
Such rules are often very specific for a profession and a situation.

RuLes or MobpELIZATION = Rules by which menta mod-
€ls are extracted from perceived
signals.

A surveyor and an artist looking at the same house lot will “see” very differ-
ent things, since their rules for modelization have them concentrate on different
aspects (Figure 2.3).
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Figure 2.3: Perception is subjective.

Building a conceptual model is comparable to the building of a system: afew
relevant aspects of redlity are included depending on the situation and purpose (Fig-
ure 2.4). Generaly, humans are not good at dealing with alot of small detailsall at
once; therefore, they learn to abstract and generalize and thus eliminate irrel evant
detail so that they can intellectually cope with the situation at hand.

Mental Model

——————— “ Rulesof
Perception Modelization

Figure 2.4: Perception and Rules of Modédlization.
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2.4 Language for Communication of Mental Models

Mental models cannot be communicated directly between individuals; the cogni-
tive structures are strictly internal to the brain and no direct perception of them by
another individual is possible, at least not today. In order to communicate a men-
tal model humans use a variety of external physical phenomena—acoustic waves,
graphical signs, etc.—which can be perceived by another individual. Those per-
ceivable physical patterns are different from other observable phenomena, since
they not only stand for themselves, but also convey information about something
else. For example, the written word building is not only an interesting pattern of
black and white on paper, but has some meaning attached, namely the concept of a
building with al of its connotative baggage of possible constructions, the existence
of doors, windows, etc.

All situations in which meaning is attached to physical signs will be referred
to as a language, e.g., natural languages (English, German), computer languages
(Pascal, PROLOG), and graphical languages (maps).

Rules of Rules of
Reality Modelization Representation
_______ > —_—— e ————
| perception @ communication

Figure 2.5: Communication.

Conventions establish the meaning of signsin alanguage, called words, and dif-
ferent languages can attribute different meaningsto the same sign. For example, the
significance of colors differs among cultures—white is, for instance, the mourning
color in Japan, but not in the USA. We call those conventions rules of representa-
tion. Humans receiving physical representations of signsinterpret them according
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totheir individual rules of representation and thusform amental model (Figure 2.5).
Theserulesare dependent on variousthings, like culture or profession, and we must
be aware of differences in interpretation of signsin different contexts. It is hoped
that this model is similar to the onein the sender’s mind.

RuLEs oF REPRESENTATION = Rulesby which meanings are as-
signed to or extracted from signs.

It is awell-known fact that certain professions have established their own lan-
guages which attribute meaning to certain wordsthat are different fromwhat would
be found in an everyday situation. Most obvious is the legal and medical profes-
sions, but surveyors have also their own terms. Furthermore, it is not simply that
every sign (word, token) has a specific meaning, but there are complex rules (syn-
tax, grammar) that put one sign in relation to another and the complete ideais only
expressed in the compound meaning.

The practical goal of communication, isto reproduce in the recipient the same
mental model of the sender—or more ambitiously: producing atrue picture of the
reality originally perceived by the sender. Success depends on how well-matched
the sender and recipient are in terms of:

e rules of modelization
o rules of representation

For instance, do the two parties agree on what isimportant to know concerning
some aspect of reality, e.g., to describe ahouse by color or size (modelization rules),
and how will these aspects be communicated, e.g., by using terms like just “blue
house’ instead of “sky blue siding with slate grey roof and black trim” for color
or by using measurements in square feet of floor space instead of a count of rooms
(representation model)? If they do agree the chances of success are high. If either
party is aware that the other’s rules are different, some corrective actions may be
taken.

2.5 Indirect Communication

Communication between humans is most often thought of as a face-to-face situa-
tion: two personstalking with each other. Thisisnot necessarily the case, e.9., when
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using written language: potential utterances of one person can be written down and
read later by another person, or even distributed and read by different persons at
different times. Speech can also be recorded (on tape, for example) and transmitted
to areceiver at adifferent time and in adifferent location.

Storing data in a computer system can aso lead to the data being received by
another person distant in time or location and thus resulting in an indirect commu-
nication (Figure 2.6).

Disk Storage

Figure 2.6: Indirect Communication.

All of what we have said about communication applies here. Success still de-
pends on the match of modelization and representation rules between sender and
receiver. If the parties are distant in space or time communication becomes more
difficult, because these rules are not fixed, but are influenced by circumstances,
technically called the context of the message. Two examples may underline the
importance of context.

¢ Reading a nove that is hundreds of years old could be difficult, because the
context may not be fully understood, e.g., different social structures existed
then or the language may have changed.

e Even communication by telephone is more difficult than talking face-to-face
because neither participant is as fully aware of the other’s context. For in-
stance, it should be easy to appreciate that the subtle nuances of a newly dis-
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covered romantic poem would often be less than successfully transmitted if
theintended recipientswere standing in the rain watching their unattended car
roll backwards down a hill into a busy intersection.

2.6 Signs

The physical phenomena that are used to express ideas can be treated by physical
processes. Typical examples are the duplication of graphical signs in copy ma-
chines and the use of the telephone to transfer acoustic waves over distances. All
those traditional means of the communication industry treat the phenomena with-
out any regard for their meaning, without even noticing that they do not stand for
themselves, but with the assumption that they mean something.

Computers can store and duplicate written or spoken text that is put into their
storage systems. If that isall they are asked to do, they are not significantly different
from copying machines. Many of the computer mapping systems on the market
today rely on digitizing existing maps, which are subsequently output to faithfully
reproducethe map input. In other instances, however, computersact “intelligently,”
as if they understand the significance of data. They can solve problemsin algebra
and calculus, do accounting, and handle fancy word processing.

Even if computers seem to act intelligently, they really only treat the simple
signsin aformal way and do not understand their meaning. Computers are not con-
scious about the world. They are general purpose machines and can assume, given
the right program, a great many different performance roles. This may help to blur
the issue that sometimes computerstreat signs as if they understand their meanings
and at other times they just faithfully reproduce their input. All the intermediate
possibilities can be seen, too!

Consider the following examples:

e A word processing program reproduces text. Does not in any way understand
what the text means. In fact, some word processors do not even understand
the relatively simple concepts of “word.”

e A program like MacPaint acts like an electronic sketch pad—it manipulates
black and white areas on asheet. Compareit with MacDraw intowhich at |east



12 CHAPTER 2. INFORMATION SYSTEMS

some simple graphical concepts are built. MacDraw “understands’ centering
of text, etc., but does still not interpret your drawing with respect to somereal
world significance.

The meaning of signsisassigned by conventionswhich are not very stable and
may vary among groups. Meanings are dependent on context, not only with other
signs, but also with factual circumstances. Meaning is most often incomplete and
relies on human intelligence and experience to fill in the missing details. Likewise,
communication between humansis usually incomplete and only explicitly transfers
the most important facts, relying on the partner in the communication to fill in the
missing details, assumed to be known from previous shared or common experience,
context, etc.

2.7 Information Systems

“1f the operations, carried out by the elements of asystem, consist of the
collection, treatment, and communication of information, the system is
called an information system.”

Thereare agreat number of information systems, some known under thisname,
somewith other labels such astel ephone directory assistance, library, or accounting
system. The above definition is very broad and the term is often used in a more
restricted sense.

INFORMATION SYSsTEM = A system with a primary goal to
provide information about some-
thing.

Discussing an information system falls into two parts: (1) the objects about
which information is collected and (2) the collection of information together with
its methods for adding and retrieving information. Information systems can only
describe limited aspects of the world and must exclude others, e.g., a telephone
book only stores names, addresses, and phone numbers; it does not mention, for
instance, whether or not the people who are listed have pets.

Concerns of Information Systems:
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e Domain: What kind of datais contained?
o Access method: What kind of questions can be asked?

Information systems are only useful because they answer questions. If they
only passively store data they would be pretty useless; therefore, the methods by
which questions are posed and responses formulated are fundamentally important
concernsin the discussion of an information system. It is generally not practical to
guery a phone book for the numbers of all the people in Middletown, USA, with
the first name of Jack. There is no mechanism for retrieving that information. It is
pointless to expect information from a system which it is not designed to deal with.

2.8 Dataand Information

An information system is typicaly related to reality in that it supposes to inform
about reality. Asreality changestheinformation system, therefore, must be updated.
Sometimes an information system is used to represent a plan for how reality should
look. After the plan is executed a user must carefully check that the result matches
the plan. If not, the user must modify the system such that it better represents what
actually can be built.

Building an information system is a time-consuming and expensive process,
however, once completed it becomes a valuable resource for the organization con-
trolling it. To allow for the best use of this resource it should be possible that multi-
ple users have access at the same time. Technical safeguards must prevent one user
from interfering with another and to prevent some user from unauthorized access
or from destroying, purposefully or not, al or part of the system. Later in the text
we will discuss solutions to problems like these.

The term information will be reserved for contributions to the users mental
models. Only signs that can be perceived and interpreted by humans should be
called information. In fact, it could be argued that information is only that which
humans actually perceive and add to their mental models, and is not the raw mate-
ria, i.e., data, from which they get thisinformation. Information is “an answer to
a human’s question.”

This definition excludes a number of things which are often considered infor-
mation:
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o A telephone directory is not, by itself, information, as humans do not ordi-
narily read and comprehend it. We rather use it as an information system for
extracting the information we need when we want to call someone.

o Newspapers and television are not (necessarily) information, as they provide
entertainment, but do usually not inform in the sense of providing answers
to questions—who really wants to know that a dog with two heads was born
today in Wichita, Kansas?

For information we retain the following condition: that humans (1) perceive it
and (2) add it to their mental models. Thisincludes both the question that initiated
the request for the information and the perception of the answer.

The word data, on the other hand, will be used for symbols with a known in-
terpretation. Most often data are in a form accessible to computer hardware, e.g.,
encoded and stored on media that are accessible to computers; thisis not a neces-
sary condition. In general, it can be taken for granted that a computer program can
read, write, and otherwise manipulate data.

Theword document denotesinformation recorded in anatural language without
specia formatting or encoding, but not data, because they are not formal symbols
with afixed interpretation. Typical examplesaretheregistry of deeds, libraries, and
maps. Thisis not information unless it is used by a human user, but it is also not
data, asit cannot be interpreted within aformal modéel.

Data = Signsinaformal language.

INFORMATION Material for constructing mental models.

DOCUMENT Signs in a natural language that need human
interpretation.

Computers manipulate symbols according to given formal rules, caled pro-
grams. In order to understand computerized information systems, it is hecessary to
gain someinsight into formal systems and how they relate to reality. Thisleads to
a concise definition of data—as contrasted to information.
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2.9 Correct and Consistent Data

Data stored in an information system database generally must be correct to be use-
ful. A computerized database management system cannot, by itself, guarantee fac-
tual correctness; it has no way of actually going out and checking that the grassis
indeed green, that the moon is not really made of cheese, or that the house at 26
Grove Street has fourteen windows.

It should, however, include the weaker notion of consistency, which means the
database must be free of internal contradiction. For instance, the database should
never contain information that the house at 26 Grove Street has ten windows at
the same time that it has information that there are fourteen. Such contradictions
can easily happen if there are two storage areas for data on houses, only one of
which was updated after a new room to the house was built. It can happen more
insidioudly if the information product is calculated or derived in some way and the
result depends on some arbitrary arrangement of parameters.

ConsisTENT Data = No contradictions with itsalf.
CORRECT DATA = No contradictions with redlity.

Because consistency isacondition internal to a system, it can often be automat-
ically checked by the system. Checking correctness, however, requires operations
external to the information system (Figure 2.7).

Users will not employ an information system which occasionally “changes its
mind.” You will place little trust in a companion who reports that he owns a Mer-
cedes one day and a red Thunderbird the next. There are obvious exceptions to
this—your companion may be a Saudi prince! If something is not correct, but is
consistent, the observer does not seem to be as disturbed.

In many cases the context of the information system used may effectively re-
place “real” readlity with its own version. This may or may not be beneficial. A
social security agency’s information system, for instance, may not have a printer
with foreign characters, but it can still disburse a money order using a phonetic
interpretation of some ethnic names, e.g., Boris and Mohammed. In contrast, how-
ever, that agency may insist that your monthly check be stopped, because you have
been reported as dead, irrespective of your personal arguments to the contrary.
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Figure 2.7: Consistency vs. Correctness.



Chapter 3

Formal Systems

M athematics deals with formal systems, i.e., systems of symbolswhich are manip-
ulated by formal rules. Mathematics does not deal with the real world! Formal
systems consist of a set of symbols and rules on how these can be combined to
form valid expressionsin alanguage. The symbols do not have significance within
the formal system—the symbols do not mean anything. A formal theory is such
a language together with additional rules on how to attribute truth values to the
expressionsin the language, on when expressions are equivalent, etc.

ForMaL Language = A seat of symbols + rules for their
combination.

A language + rules concerning valid rela
tionships within the language.

ForMAL THEORY

3.1 Formal Languages

A set of symbols, together with a set of rulesfor their combination, form alanguage.
Theruleset can be called the syntax of thelanguage. A symbol or valid combination
of symbols constructed by some appropriate application of the rule will be called a
sentence or a well-formed formula, often abbreviated by wff. A wff exists only if
it can be shown to have been constructed from the symbols by means of the rules.
Any other construction is not awff, i.e., it is not a sentence in the language. Is not

17
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justa“false” statement; aconstruction that isnot well-formed cannot be considered
in any meaningful way.

This chapter will explain aformal method to describe formal languages by the
specification of symbols and rules (called production rules), e.g., we present alan-
guage to use to discuss other languages. The language to be described is called the
object language, to separate it from the language we use for its description. A more
extensive treatment of formal languages and their definition can be found in most
texts on compiler design.

There are two kinds of symbols in the description language, terminal and non-
terminal symbols. Theterminal symbolsarethe only symbolsthat may appear inin
well-formed formulae of the language. Most often terminal symbols are characters
or numbers, but they may be sequences of characters, e.g., BEA N and END in
Pascal. The non-terminal symbolsareonly used in ruleswhich lead to intermediate
stepsin the production of alanguage.

The production rules describe the syntax of an object language by showing how
al valid wff’s of this language can be constructed. The rules can also be used to
decide if agiven formulaiswell-formed or not.

Let us use the (somewhat familiar) formal system for writing integers in deci-
mal:

e Theterminal symbols, i.e., the only symbolsthat appear in valid integers, are:
0,1,2,3,4,5,6,7,8,9,+,and-.

e To those we add the non-terminal symbols, which are intermediate symbols
only used within the production rulesto describe how to form avalid expres-
sion. They help us construct awff of terminal symbols. Non-terminalsare not
part of the language to be described, but part of the language used to describe
the object language.

The non-terminal symbolsin this system are:
start,signumdigit,andstring-of-digits.

The production rules state how a non-terminal symbol can be expandedinto a
sequence of terminal and/or non-terminal symbols. Theideaisto usetherules
to get from the start symbol to a string of terminal symbols. The production
rules are:
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start ::= signumstring-of-digits

Thisrule statesthat the (non-terminal) start symbol can be expanded into
the sequence of two symbols (again non-terminal): signum and string-
of-digits, with signum appearing first. The: : = sign is not part of the
object language, but part of the language used to write the production
rules.

signum::= ["+" | "-"]
This rule says that the non-terminal symbol signum can be expanded to
either nothing or a"+" ora"-" terminal symbol. The symbol "| "

means “or” and is part of the language to write production rules, as are
the brackets" [ " and "] " which enclose parts which are optional, i.e.,
which may be used zero or one times.

string-of-digits ::=digit [ string-of-digits ]
This rule explains that a string of digits is a digit followed by either a

string-of-digitsor nothing. Thisrule can be applied repeatedly to expand
string-of-digitsto an arbitrarily length.

digit ::="0" | "1" | "2" | "3" | "4" | "5" |

“e" | "7 | "8" | "9"
Thisruleconvertsthenon-terminal di gi t to anactual terminal symbol:
0...09.

These rules can be applied to produce all valid (in the sense of these rules)
integers. For example:

start

-> signum string-of-digits

-> + string-of-digits

-> + digit string-of-digits

-> + digit digit string-of-digits
-> + 1 digit digit (nothing)
-> o+ 1 3 digit

-> o+ 1 3 6

produces the number +136.
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Using the previous definition, which of the following sequences are valid? 3,
+0, - 0, +559, 55, - 000340, + ?

Saying that a Pascal program is syntactically correct is equivalent to saying that
itisawel-formed formulain theformal system of the Pascal language. Pascal (and
most other modern programming languages) are formally defined using production
rules like those shown above.

3.1.1 Backus-Naur Notation

Thenotation scheme used isusually called the Backus-Naur form (or Backus-Normal
form, each of which is abbreviated BNF). The Backus-Naur form is equivaent to
thefamiliar syntax diagramsfound in many computer language texts. Because BNF
is aformal language itself, we can describe it using the above principles. We can
even describe BNF using BNF—which is something like the famous Baron Munch-
hausen pulling himself out of a bog by hisown hair. Itisnot al that difficult.
BNF uses the following terminal symbols:
.. = lisreplaced by, or, produces
| or
[1 optional (zero or one times)
{} any number (zero, one, several times)
@) parentheses can be used for grouping
" " quotesenclose terminal symbols
We include the interpretation of these formal symbols afterwards only to assist
understanding. They are not part of the symbolism.
The production rules of BNF are:

syntax = { statement }

statement = identifier “::=" expression

expression = term{"“|” factor }

term := factor { factor }

factor = identifier | “(” expression*)” | “[” expression*“] " |
“{" expression“}”

identifier = string

string = character { character }

character = AT BT .. tE] b ..
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It should be easy to see that the previous description for the syntax of integers
isindeed a collection of BNF production rules.

3.1.2 First-Order Languages

A first-order language is another very important formal language we will use. Its
terminal symbols are:

“",")", “not”, “and”, “or”, “implies’, “=", “for-all”, “there-exists’, and some-
thing to represent constants, variables, and predicate'sl such as“Dog”, “3", “348",
“x7,ty", “z", “father”, “Blue”.

In this text, we will select identifiers starting with lower case |etters to denote
constants (peter, elizabeth, etc.) and starting with capital lettersto denote variables
(House, Person, etc.). Predicates will also start in lower case, but the difference
between them and variables will be clear from the context. The parentheses play
the same role as in mathematics in that they are used for grouping other symbols.
Constantsand variables have their usual meaninginthat they identify some quantity,
quality, or relation. “And”, “or”, “implies’, “=", and “not” are special symbols
called Boolean operators. Those operators that just require one operand are called
unary operators and those that relate two operands are called binary operators (or
connectives). Their functions are described bel ow.

Thenon-terminal symbolsare: | i t eral ,wf f,vari abl e,const ant, oper at or,
predi cate, termandatom ¢ formrul a (usualy shortened to just at onj.
Thelanguage (in BNF):

wf f =literal | (Wf "or" wif) | (wff "and" wff)
| (wif "inmplies" wif) | (wff "=" wff)

literal = ["not"] atom

at om .= predicate "(" term{ "," term} ")"

term ::= constant | variable

constant ::="a" | "b" | "123" | "fido" |

variable ::= "Char" | "Nunber" | "Dog" |

predicate ::= "mo" | "fa" | "m" |

In general apredicate is similar to amathematical function in that it describes some relationship
among its symbol arguments. A predicate in afirst-order languageis similar to a Boolean function in
Pascal inthat it returns alogical value. A predicate with no arguments is called a“proposition.”
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The language just describes the appearance of a wff. When a first-order lan-
guage is extended by including operational definitions and values for its compo-
nents, the result is a first-order logic (abbreviated FOL), otherwise known as the
first-order predicate calculus. These operations will be defined in Section 3.2.

The following are some examples for first-order languages with the production
rules applied from bottom up:

1. Choose apredicate na and a constant a.
Then the construction ma (a) isawf f, because:

e aliteral isawff:
wf -->1literal

e anat omisal iteral, therefore, anat omisawf f :
wff --> atom

e predicate (tern) isanat om therefore predi cate (term
isawf f:
wif --> predicate "(" term")"

e aconstant isat erm therefore, predi cate (constant) isa
W f:
term--> constant
wif --> predicate "(" constant ")"

e Maisapredi cateandaisaconst ant.

2. Choosetheconstantsa and s and thepredicatef a. Thennot fa (a, s)
isawf f , because:

e aliteral isawff.

not atomisaliteral,thereforenot at omisawff.

predi cate (term tern) isanat om therefore,
NOT predicate (term tern) isawff.

e const ant isat er m therefore,
NOT predicate (constant, constant) isawff.

aands areconstants,andfaisapredi cate.
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3. Choosevariables Xand Y and predicatesf a, pa,andma. Thenfa (X, Y)
inplies (pa (X, Y) and ma (X)) isawff, because:

ewWf inplies Wf isawff.

e Wf and W f isawf f, therefore,

wif inplies wif and wff isawff.

e aliteral isawff, therefore,

literal inplies (literal and literal).

e anat omisal iteral, therefore,
atominplies (atomand atom.

e predicate (tern) isanatom

e predicate (term term isanat om too, therefore,
(predicate (term term)) inplies
(predicate (term term) and predicate (tern)).
e avari abl eisat er m therefore,
(predicate (variable, variable)) inplies
(predicate (variable, variable) and
predi cate (variable)).

e fa,no, andpa arepr edi cat es and Xand Y are variables.

Although we could have chosen nameslikef at her inlieuof f a or andr ew
instead of a, werefrained, because we are not yet ready to discussthe application of
meaning to predicate and constant names. The mnemonic content of some symbols
may tend to distract us from the importance of appreciating the formal aspects of
what we are trying to do here. Remember that a formal language is only a set of
symbols and combination rules. It does not attach any meaning to well-formed
formulae in the language.

3.2 Formal Theories

A formal theory is a mechanism whereby some rules are employed to associate an
initial set of well-formed formulae with all others. If the appropriate associations
can be made, the other wff's are said to be true in, or proven in, or deduced from,
the theory.
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3.2.1 Truth Values

Inaformal logic system, atomic formulae (predicates) are assigned values (called
truth values) depending upon what they represent, i.e., the relationship they de-
scribe. Usualy the range of the values is restricted to either TRUE or FALSE,
although multi-valued logics have frequently been employed, e.g., with values:
TrUE, FaLSE, MAYBE; or real number values ranging between 0 and 1. Thereare
many reasons for using two-valued logics, not the least of which isthat two-valued
(or Boolean) logics have been historically most productive and are well-understood.

An initial assignment of truth values must be made by some agent external
to the logic system; there is nothing intrinsically valuable about a particular for-
mula. Mathematicians call an assignment of values an interpretation (in the sense
of Tarski). A wff (possibly acombination of predicates) can betrue or false depend-
ing on the values assigned to the individual predicates and on the operations used
(see Boolean operators below). It is somewhat equivalent to say that a wff p (or
not p)canbeprovenasitistosay p istrue (or, respectively, false) in a particular
theory. A wif is either true (provable) or not; it can either be associated with the
original set using the rules or it cannot.

It is only meaningful to discuss whether or not awell-formed formulais true or
can be proven; formulae that are not well-formed have no meaningful truth value
nor can they be proven or disproven. The system just doesn’t work for anything but
well-formed formulae.

3.2.2 Boolean Operators

Some fundamental associations provided by the logic system are those concerned
withthe“and”, “or”, “not”, “=", and “implies’ Boolean operators mentioned above
in the discussion of first-order languages. The analysis of their effect is most easily
presented in truth or decision tables, which simply list the possible outcomes of the
associations.

Given predicates P and Q with the following tables of values:

P |notP
true | fase
fase | true
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The table above simply states that if P has a value true assigned, not P is false and
viceversa

P |Q |PandQ
true | true | true
true | false | false
false | true | false
fase | false | false

“Pand Q" istrueif and only if both aretrue.

P |Q |PoQ
true | true | true
true | false | true
false | true | true
false | false | false

“Por Q" isfaseif and only if both are false.

P |Q |P=Q
true | true | true

true | fase | fase
fase | true | fase

fase | false | true

“P=Q" istrueif and only if both are true or both are false.

P |Q |PimpliesQ QifP
true | true | true true
true | fase | false isequivalentto false
false | true | true true
fase | false | true true

Theprevioustable defines“Pimplies Q" asfalseif andonly if Pistrueand Q is
false. Piscalled the antecedent, Q the consequent. If Pistrue the results depend on
thevalue of Q (which seems“logical”); however, if Pisfalse, it doesn’t matter what
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Qis. Theresultistrue. Thislast result may not be easy to appreciate sometimes, as
it does not seem to correspond to our natural language ideas of what implies means.
What it is saying, however, is something like: “If you start with a false premise,
anything is possible.”

The symbol i nmpl i es has the same meaning asi f. You often find in the
literatureinlieuof a i npl i es b theequivalent expressioni f a then b, or
b if a. Thelast versionismost often used in this text.

There are other operators defined, some of which are:

e nand: Thisisthe complement of and. P nand Qisthesameasnot (P
and Q.

e nor: Thisisthe complement of or. P nor Qisthesameasnot (P or

Q.

e xor (“exclusiveor”): the compliment of equivalence. P xor Qisthesame
asnot (P =0Q.

All operatorscan bewrittenin termsof the others. Minimal sets of operatorscan
be described from which (using the proper combinations) all others can be derived,
eg., {and, not }, {or, not }, {nor }. Some of the equivalent combinations are
extremely tedious to employ, however, and the shorter forms are usually preferred,

eg.
e P = Qisthesameas(P and Q or (not P and not Q
e P inplies Qisthesameas(not P) or Q

There are special Boolean modifiers called quantifierswhich impose conditions
on Boolean expressions.

e FOR-ALL (¥): This quantifier requires that associated predicate(s) are true
for all valuesthat may possibly be assigned to adesignated argument variable.
For instance, Yz (p(x)) meansthat the predicate p(z) istrue no matter what the
value of x.
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e THERE-EXISTS(3): Thisrequiresthat associated predicate(s) are truefor at
least one value that may possibly be assigned to a designated argument vari-
able. For instance, 4(z)(p(x)) means that the predicate p(x) is never aways
fase.

A text on mathematical or philosophical logic or discreet structures should be
consulted for a more substantial discussion of these topics. There are, however,
some other interesting associations (rules of logic) worth mentioning here:

Giventhepredicates P, Q, and R and thetruth values T and F (for true and fal se,
correspondingly).

o |dempotent laws:

PadP = P
PorP =

e

o |dentity laws:

Pand ' =
PorF =
PandT =
PorT =

NNty

e Complement laws:

not F* =

not7T =
Pandnot P =
PornotP =
notnot P =

e T B B

e Commutative laws:

Pand @
Por@

@ and P
QorpP
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e Associative laws:

Pand(Q) and R) = (Pand@)and R
Por(@QorR) = (PorQ)orR

¢ Distributivelaws:

Pand(QQorR) = (Pand@)or (P andR)
Por(@andR) = (Por@)and(P orR)

Absorption laws

Pand(Por@)) = P
Por(Pand@)) = P
e DeMorgan’'s Rules:
not (P or@) = notP andnot()

not (P and Q))

not P or not ()

Modus ponens:

(P implies@) and P) implies @

¢ Modustollens:

((P implies@) andnot () implies not P

Modus barbara:

((P implies @) and (¢ implies R)) implies (P implies R)
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DeMorgan's rules can be used to simplify complex expressions. For instance,
the following Pascal conditional is difficult to decipher, but it has an equivalent
form:

IFNOT ((name <> “Bob”) OR (count <= 72)) THEN
can be transformed into the more tractable expression:
IF (name = “Bob”) AND (count > 72) THEN
Modus ponens is most often used for logical conclusions, such as

IF all humans are morta
AND Socratesis human
THEN Socratesis mortal.

Modustollensis used extensively in theorem proving by computer programs—
more on this later.
We close this chapter with some useful terminology: Given that

Pinmplies Q
e theconverseis: Q i nplies P.
e theinverseis. not P inplies not Q

o the contrapositiveis. not Q i nplies not P.

3.2.3 Axiomsand Theorems

An axiom is a statement (a wff) in a theory that does not need to to be proved;
it is taken for granted. Any non-trivial theory must have some axiom(s) just to
get started. Sometimes the rules which explain how to prove some (non-axiom)
wif are called logical axioms of the theory. Of course all the logical axioms must
be formal, i.e., rules that explain the manipulation of symbols independent of any
attached meaning. Any other axiom is called non-logical. The non-logical axioms
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of the theory which do not contain any variables are called ground axioms, ground
rules, or simply facts.

If al the axioms are given, what good is a theory? Useful results are obtained
when a proposed statement, called a theorem, is tested in the theory to determine
its truth value. If the proposed wff can be derived from the facts using the logical
axiomsit is then (and only then) regarded as a true statement in that theory. It may
then be added to the theory as an new axiom generating a new theory.

AXIOM A fundamental statement in a theory—it
needs no proof.

An association rule.

All other axioms.

A non-logical axiom that containsall con-
stant values.

THEOREM = A statement you wish to prove.

LoacicaL AXIoM
NoN-LOoGICAL AXIOM
(GROUND AXIOM

Typically, practical theories are built up from a number of other more basic
theories, until we are not strictly aware of the formal theory/axiomatic aspects any
more. In the past we have not been too attentive to this because of the amount of
detail necessary to surmount for even small problems of practical interest; however,
with computers being able to assist in the manipulation of symbols, formal methods
become more accessible and, therefore, more important.

Very often the logical axioms in the formal theory explain when two wff’s are
equivalent and we can thusreplace the one with the other (remember, that aminimal
operator set can replace redundant constructs). Thisis often used, for instance, in
an engineering formula where the more complex wff describes different influences
on an element in asystem and the equivalent simplified form is the resulting value.

If atheory is appropriately restricted we can decide the truth value for all wff's
in that theory. It is an important practical problem to design aformal system with
these restrictions so that, for all wff's of interest, the truth value can be decided.

3.24 Examples

An example of of aformal theory is the system of written numbers. The symbols
are the digits 0...9 and the rules explain how to manipulate them for trandation
into integers for multiplication, addition, etc.
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Ground axioms;

0+0 =
1+0 = 1
2+0 = 2
9+0 = 9
0+1 = 1
1+1 = 2
9+9 = 18

and logical axioms:

axb+ax*c

ax*(b+c)

xyz = w+xH+yxT+2x0

whereO =1,T=10«0,and H =10 T.
For example:

35 = 3+xH+5+«T+5%x0
or

23+15

2+T+3+x0)+(A+xT+5%x0)
2+D)«T+(3+5)*0
= 38

The important thing to note is that the rules presented are absolutely formal
and are based on atable for addition of 0...9. No understanding of the concept of
number is necessary and there is no reality associated with, say, the symbol “3.”

Other formal systemsdeal with adjustments of triangulation networks, loadsand
stresses in statics, etc. In all these cases a system of rules, normally mathematical
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eguations, is given, which indicates how symbols must be related and how we can
compute the quantitieswe are interested in from the given ones. To apply theformal
methods, no understanding of the application area is necessary. This can be seen
emphatically by noting that theformal system for adjustment of surveying networks
and for calculating static frames isvery closealy related.

Finally, a simple, formal theory, not from mathematics. The ground axioms,
which are all assigned a value of true:

fa(a, s)
fa(h,a)
fa(g, h)

We further add the logical axiom:
fa(X,Y)andfa(Y,Z2)i nplies gfa(X, %)

From these we can conclude (using only formal symbol manipulation without
reference to any meaning of the symbols involved) that the following statements
aretrue aswell:

gfa(h, s)
gfa(g, a)

The logical axiom we used for the above conclusions is modus ponens, and
states:

((e impliesb) and @) implies b
or in English:
if b followsfrom ¢ and « istruethen b istrue.

As applied to the above theory:

e fa(X, Y)andfa(y, Z) isthe « part of modus ponens.
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e gfa(X, Z) istheb part.
We select constants for the variables as follows:
e h=X,
e a=Y,
e S=Z7.
Substitute them into the logical axiom to get:
e fa(h, a) andfa(a, s) impliesgfa(h, s).
From the ground axioms:
e fa(h, a) istrue.
e fa(a ) istrue.
Using therulesfor “and”:
e (fa(h, @ andfa(a, 9)) istruein combination.
Now we apply modus ponens on
e (fa(h, @ andfa(a, s)) impliesgfa(h, s))
e and
e (fa(h,d andfa(a, 9))
and we can imply
o gfa(h, s).

If we had substituted g = X, h =Y, a= Z, we could deduce gfa (g, a). No other
substitutionswill work. No other wff can be deduced.
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3.25 Clausal Forms

Since any wff can be algebraically rewritten in a different form using equivalent
combinations of connectives (Boolean operators), it is often convenient to write
them in a standardized form. In logic, well-formed formul ae are sometimes called
clauses and there is an extremely useful arrangement called clausal form where
in general every clause expresses that a number (possibly zero) of joint conditions
implies a number (possibly zero) of alternative conclusions.

We can rewrite any wff asan implication, the general form of whichiis:

Arand Ayand Azand ... and A, implies Bior Byor Bz... or B,,

A; and B; are predicates, and n, m > O.
Since A implies B isequivalentto B if A, we often write clausesin the follow-
ing alternative clausal form:

BiorByorBzor...or B, if AjandA,and Az... and A,
gfa(h,s)orgma(h,s) if pa(h,X)andpa(X,s)
We can classify clauses by the number of predicate termsin their consequent

sides as. definite (if there are zero or one term) or indefinite (if the are two or more
terms). The definite clauses are generally called Horn clauses.

Horn clauses

In the case where m = 1, and n = 0, we have a definite clause that represents a fact
or ground axiom.

fa(a,s) if

Since no antecedent is required for the consequent, whatever you enter is true.
Usually the empty “if” isdiscarded in this situation.

Definiteclauseswherem = 1andn > Oarecalled ruleclauses. (They represent
aform of logical axiom).

B if AjandAsand A3... and A,
ofa(X,7) if fa(X,Y)andfa(y,Z%)
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With a definite clause which has no consequent (i.e., m = 0, » > 0), the an-
tecedents are considered to be negative facts, i.e., factswhich are known to befalse.

it fa(a,i)

When both m, n = 0, it is the empty clause, which is always false by definition.
It is adefinite clause.

I ndefinite clauses

Whenever m > 1 the clause has indefinite possibilities. In this case, at least one
predicateis true, but we do not know which.

Using clausal forms

We will extensively use the clausal form from here on and virtually restrict our
presentations to Horn clause forms corresponding to facts and rules. The use of
the other clause possibilities in a database environment (the ultimate direction of
thistext) is either forbidden (e.g., empty clause) or imperfectly understood and still
subject to intensive research (e.g., the handling of indefinite data).

Moreover, we will drop the use of quantifiers (“for-all” and “there-exists’) by
insisting that all variables be universally quantified. Moreover, we will replace the
appearance of “and” in the antecedent side with commas. Since there are no “or”
possibilities using only Horn clauses, the only operator still employed is the “if”
(some additional punctuation is added in actual programming implementations).
The result of all this is a somewhat friendlier, streamlined version of first order
logic.

fa(a, s)
fa(h,a)
gfa(X,7) if fa(X,Y), fa(y,”)
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Chapter 4

M odels

The term modd is a very general one, commonly used, but often without a clear
understanding what it means. A model representsa system. Modelsare used for the
study and prediction of the behavior of asystemwithout exercising theoriginal; they
are extremely important whenever operating the system isimpossible, hazardous, or
very expensive. Scientists and engineers build formal modds of systemsin which
they are interested and work with the model instead of the real thing. We do not
want to build bridges with atrial and error method, nor do we want to actually test
the effects of major accidentsin nuclear power plants! The appropriateness of the
model is determined by the sufficiency of information it provides about the system.
There are many cost/benefit trade-offs to consider in choosing a model.

We can make them more complete by adding more detail; however, this may
not necessarily result in more accurate predictions of the operation of the original.
Often theinclusion of moredetail makesthe model more difficult to handle and use.
It isavery hard problem to decide when amodel is appropriate for a specific usage;
often many technical questions must be considered. We discuss here the techniques
of mode building only in the abstract, leaving construction concerns of specific
models for later.

Formal models have three concerns:

1. areal system to be modeled

2. aformal system with symbols and rulesto be used as the model

37
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3. a consistent mapping from properties of the rea system to symbols in the
formal model, often called the interpretation.

(The use of theterms“model” and “interpretation” presented here isnot exactly the
same as that found in logic.)
4.1 Homomor phisms

Obvioudly the mapping from areal system onto aformal system iswhat makesthe
model. Mathematically we can see a situation similar to a homomorphism, which
essentially isamapping that preserves structure.

f@ty) = f@)+ [

isahomomorphism if

fla) = 2a
because
fl@+y) = 2z+y)
= 20+2y
= f@)+f)
Note that the mapping is not a homomorphism if f(«) was the following function:;
fla) = a°

A homomorphism is a mapping from an algebraic system (consisting
of objects and operations on them) to another algebraic system, such
that mapping the result of an operation on objects in the domain onto
the range or mapping the object onto the range and then performing the
(mapped) operation on them produces the same outcome.
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In (Figure 4.1) the function ¢() is such a mapping.

b g() . b
f() ()
a 9() é
SYSTEM 1 SYSTEM 2

Figure 4.1: Homomorphism.

In (Figure 4.2), the real house was painted green.

painting /V

M D

Figure 4.2: Two ways of “observing” the house color.

The model can reflect this change in two ways (i.e., there are two paths to get
from real house to model HouseColor). One way is by observing that an operation
on the real house (painting) changed the value of real house color and that the new



40 CHAPTER 4. MODELS

real house color can be mapped directly onto the model’s color; the other way isto
map the real house onto the mode house and apply the model’s operation which is
equivalent to painting (perhaps. FUNCTI ON pai nt ("green")). Either way
the model house's color is now green.

Thisistheideain amode: in lieu of performing our experiment we perform
the corresponding operation on the model and interpret the result in terms of the
real system.

Now we can see how theories can be used. By referring to a previous example,
we map:

1. the predicate symbol f a onto the relation father of
2. the predicate symbol gf a onto the relation grandfather of

3. theconstantss, a, h, g onto theindividualsstella, andrew, henri, and george,
respectively.

It may not be obvious, but thisisavalid model of a part of a particular family, the
Frank family. That henri is the grandfather of stella is something we can deduce
from the model or discover by direct observation of the Franks.

Recall that symbolsin a formal system have no meaning in themselves; they
only interpreted when the formal systemis used as amodel for somereal system.

4.2 ComputersasMachinesfor Symbol Manipulation

Computers manipulate symbols, and all their operations can be understood as sym-
bol manipulation. Even if human users often tend to see it differently (e.g., as a
numerical computation, or as a more complex operation like booking an airline
passage), theinternal operation of acomputer is never anything more than amanip-
ulation of symbols according to formal ruleslaid down in programs.

Computers represent symbolsinternally in bit patterns. Hardware and software
operations are built in to manipulate those patterns in a way consistent with our
understanding of arithmetic or logical operations. Other operations can as easily
be seen as symbol manipulation and can be formally described. For example, there
exists alogical formal description of the meaning of Pascal programs.
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Computer programs are thus considered as incorporating specia theories that
then operate, together with the rules embodied in the program, to deduce logical
conclusionsfrom giveninputs. A payroll program, for example, containsthe equiv-
alent of an axiom stating that the total payroll isthe sum of al individual paychecks.
This may not be the prevalent view of how computers and programs operate, but it
isbeneficial asit makes atime proven system of formal reasoning available.

It should be no surprise, therefore, that it is possible to write a computer pro-
gram that operates like a first-order logical theory (with some restrictions). Such
a program can be considered as already containing some fundamental logical ax-
ioms and it can be operated with application domain specific axioms provided by
the user. Such programs are completely general purpose and can be adapted to be
useful in any domain, in ways similar to general purpose programming languages
like COBOL, FORTRAN or Pascal. PROLOG is such a system.

Itisimportant to realize that it isthisability of ageneral purpose computer sys-
tem to model symbolically formal systems that isthe source of its power and influ-
enceonmodernlife. All finitely computablefunctions, including non-mathematical
ones such as airline reservations, chess games, and speech synthesizing, can (the-
oretically) be performed. Not al get performed for practical reasons like time or
financial constraints, but that’s aresource problem.

This power is availablein nearly all modern programming languages. The dif-
ferences between programming languages is in the ease by which particular kinds
of computations can be arranged. For instance, it is often very difficult, but not im-
possible, to write procedures (easily constructed in Pascal using recursion) which
are equivalent to recursion in Fortran (which has no built in recursion facilities).

The Fibonacci number sequenceisbest defined as arecursive process (fib (n) is
the value of the nth number in the sequence):

1
1
fib(n — 1) + fib(n — 2)

fib(0)
fib(1)
fib(n)
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A Pascal Fibonacci function is simple and el egant:

FUNCTION fib (n: integer): integer;
BEG N
IFn<O
THEN fib := 0 { Error flag for negative input }
ELSE IF n <=1
THEN fib :
ELSE fib :

1
fib (n-1) + fib (n-2);

END
The Fortran version is not as elegant:

| NTEGER FUNCTI ON FIB (N)
I NTEGER N, |, BACK1l, BACK2, SuM
IF (N .LT. 0) THEN
C Error flag for negative input
FIB=0
ELSEIF (N .LE. 1) THEN
FIB=1
ELSE
BACK1
BACK2 =
DO10 | =2,N
SUM = BACK1 + BACK2
BACK2 = BACK1
BACK1 = SUM
10 CONTI NUE
FIB = SUM
ENDI F
RETURN
END

I O K

Theqguest isto find computer languagesthat will allow usto explain our problem
(i.e., defineit formally) in a“natural” way. FORTRAN is often used effectively for
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numerical calculations, because it was designed for that; languages like PROLOG,
which are based on logic, are more suitable for problem domains such as expert
systems.

4.3 An Information System as a Formal M odel

A very abstracted view of an information system is as a formal system together
with an interpretation that links the formal symbolsinit to reality. A computerized
information system, therefore, can be seenlogically as aformal model of (apart of)
reality. Theformal system (executed by the computer) operates on symbols which
have a specific interpretation in the model (perceived by people).

Users of information systems assume implicitly that they gain the same infor-
mation (i.e., the same mental models) by consulting the information system as they
would by going out and gathering the information themselves through direct per-
ception of reality.

e You assume that the telephone number you receive from directory assistance
isthe same you would obtain by going to aperson’s home and reading it from
their phone.

e The tax assessors consulting their lists of parcels and frontages assume that
the figures are the same as if they went out and measured for themsel ves.

Thisis similar to the homomorphisms we discussed previoudly, linking reality
and symbols in a model together. An information system is thus a model of (a
certain part) of reality. Information systems that do not conform to this implied
assumption of a homomorphism are useless:. what can you do with an information
system that informs you about peopl€'s telephone numbers, but the numbers given
are (more often than not) not the ones at which the persons can be reached? The
general apprehension of quality in an information system is closely related to this
assumed homomorphism.

Often symbolsin a computerized form are called “data’ and in logic terminol-
ogy these data can be considered as ground axioms within the theory given by the
program which deals with them. Moreover, within the formal system we can differ-
entiate a collection of axioms (rules and facts) from the methods used for deducing
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Figure 4.3: Computerized Information System

new theorems. Thislatter “active’ part is often called the inference engine because
it infers new results from old ones.

A user can query such a system by proposing a theorem and asking that it be
proven (Figure 4.3). If the theorem follows from the stored axioms then it is con-
sidered atrue statement; if it does not, it is afalse one.

Itis possiblethat the inference engine will not be able to prove the theorem one
way or the other. Unrestricted logic systems are undecidable; theorems always exist
that lead to logical paradoxes in which the results are neither true nor false. Thisis
not much of a problem in simple systems that only contain facts and in which the
inference engine merely searches through them for the answers. In more powerful
systems where the inference engine applies some rules the appropriate restrictions
are critical. We will discuss some of these restrictions later; for now we will just
assume that they are in place.

4.4 Databases as Formal Systems

In common terminology, a database is a mechanism established for the storage and
retrieval of data(long-term storageisimplied). To betechnically correct, adatabase
isonly arepository for data; accessto it is provided by database management sys-
tems (DBMSs). A DBMS may or may not be tightly integrated, highly sophisti-
cated, or very efficient. When the access method istightly integrated with the stor-
age facility, people will often use (misuse) the term database system (or worse, just
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database) to refer to the combination of the database and its management system.
We will continue the abuse in thistext.

If symbols can be viewed as data, the DBM S that accesses them can be viewed
asaformal system for their manipulation.

We will now introduce a database system, called a proof-theoretic database,
which accesses data using formal logical operations. The database is considered a
theory; data are the axioms, and queries are theoremsto be proved by the database.
The database produces answers that are considered true statementsin that database.

The data stored are, at least conceptually, in the form of Horn clauses. The
inference engine (the DBMS) employs atechnique called resolution in which the
various terms of the theorem to be proved are matched against the consequent sides
of the resident axioms. If every term of the theorem is successfully matched the
theorem is proved, otherwiseit fails.

Matching aterm of atheorem isafairly straightforward procedure if the axiom
isaground axiom (afact). Remember that facts have only consequences, they have
no antecedents; therefore, all that is necessary is that the various components of the
term and those of the consequent of the fact appropriately correspond.

The query (i.e., theorem) is:

fa(a,s)
The database contents (i.e., theory axioms) are:

f a(a, s)
no(z, s)
fa(h,a)
fa(g,n)

In this example a simple sequential search will find that the 3rd axiom matches
the query term. The database will reportthat fa (a, s) isatrue statement. If
thequery hadbeenfa (m s), no match would have been found and the report
would have been that the query statement was false.

Matching a term of a theorem with a logical axiom (a rule) not only requires
the appropriate correspondence between that term and the rule’s consequent, but,
in addition, all theterms of the rule’'s antecedent must then also find matches in the
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database. If the rule has multiple termsin its antecedent, each one must be success-
fully matched. If one or more of them connects further with other rule axioms the
search process can get expensive.

The query (i.e., theorem) is:

pa(a, s)

Here the database contents (i.e., theory axioms) are more complex; now there
arerule axioms:

no(i, s)
fa(a, s)
pa(i,s) if no(i,s)
pa(a,s) if fa(a,s)

A sequential search will find amatch for the query in the consequent of the 4th
axiom, but now a match must also be found for the 4th axiom's antecedent term:
fa (a, s). Thissearch (which is quite independent form the first one) finds a
match for that at axiom 2. Thus, the original query: pa (a, s) istrue.

It is easy to see that these searches could be cyclic and turn into infinite pro-
Cesses.

The query, again, is.

pa(a, s)
If the database were:
pa(a,s) if fa(a,s)
fa(a,s) if pa(a,s)
The query would find the 2nd axiom, the antecedent of which would then find
the 1st axiom; however, the antecedent of the 1st axiom is the same as the original
guery and the cycle runs forever!

Infinite recursion can often be very difficult to spot and prevent when the re-
lationships which are being modeled are complex. Mechanical checks on cyclic
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activity can be performed to cancel infinite searches, but they can get quite expen-
sive inlong search processes.

If atheorem contains variables, the reporting mechanism is dightly different.
Instead of a straightforward match and a report of success, the search process will
report the value of each term in the database that would make that theorem true.

The query is:

pa(a, X)
The database contents are;

fa(a,s)
fa(a,as)

This query would result in the database reporting: fa (a, s) andfa (a,
as) , because if s or as had been substituted for X the theorem would have been
true. Failureis reported when no possible matches are found.

The power of the proof-theoretic database is demonstrated in the following:

The query is ("Who isthe grandfather of stella?"):

gf a(X, s)
The database contents;

fa(a,s)
fa(h,a)
fa(g,n)
gofa(X,Y) if fa(X,XY),fa(XY,Y)

The database will be searched for gf a (X, s) and a partial match will be
found in the 4th axiom. It isarule axiom, so the antecedent terms must now also be
matched. ThevariableY endtestintheargument list of thegf a axiomisassociated
withthe value of the constant s (from the original query) in aprocess called binding.
The resolution process will now beto find appropriate values for the X variable by
matching up the antecedent terms.
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Matching the antecedent terms proceeds from left to right, so first fa (X,
XY) must be matched. Sinceall the arguments of this term are variables any axiom
with af a predicate will match with it; the first found (searching sequentially from
toptobottom) isfa (a, s).If weuseit,the X variableisbound with ¢ and the
XY with s. The second term must also be matched, but by now all the variables
have been bound. This means that we must try to find a match for a second term
withthevalues:. fa (s, s),whichfails.

The search will continue. Going back to the first term of the antecedent of
the gf a rule axiom, we find another axiom which fits. The 2nd axiom matches
as wdll as the 1st, but with the 2nd axiom the variables X and XY are bound to
different values (h and a, respectively). The second termisagain completely bound
tovalues. fa (a, s);however, thistimeasearchfor amatch will succeed. This
means that there exists some set of values which will make atrue statement in this
database/theory:

X =h,
XY =q,and
Y =s.

The original query only contained a variable in the first argument. It is only this
value that gets reported. Theinitial result of this query would, therefore, be:

X=s

The database could continue searching for other matches in the same way from the
point at which it reported its last success. Some implementations automatically
produce all possibleresults; otherswill prompt the user for search instructions after
each success.

In these last few chapters we have shown how processing aquery in adatabase
can be understood as theorem proving within aformal theory. Thistheoretical view
of database operations is very general as well as very powerful. It also leadsto a
better understanding of how information can be processed.



